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TH ITi SE OF B-SPLTUFS TN THE ESTIMATION 
-

OF 1loWFR' .SPECTRA.

i. R dnoy Crish log ,, / , -

Abstract

A dlas of data windows 1q proposed for es' in the estimation of tlc power
spectra cf statonary stoch .t ir Processes. Thicse wvindews, whichl are pcncrali::-

tion: of the star ard Farze, filter, ,t e constructed by the ie of qppro piatcly
normali,.ed B-splin S. it is d monstr t d how this win xw cia.;s may be cc..pt.ta-
tioral y unlpl, ., using a )'a-; Fourier Irrusforn alorithi:. ho e fi c. cf
the resulttin' ptoceh,'re is genorallv a SigiP fi cant irprovencnt over the staLc of
the ert wth little addi.Lional computer time rcquiied.

it.rrzomr r r"

Thf5 p se p r c ronr er,e, d i ti th e prob l r, o f the resu lt of usi % L . se .X t .' .w dc s i- zd r a r

digitall, csti-mrLin7, the pcaer spectiru of a wide- nificant impr-.,e-.':v!Yt i, ( tiiastrs of poe r spect A

sense stationary, er'olic, sLuchactic process with, ct a noticeable incresae in the coawntati,:al

from a sample function o- finite lenth. Not effort. We have chosen to u;c contin 'ues notation

long after Cooley and Tul:ey [51 introduced the throughout; conversion to discrete for-ulae wihere

fast Fourier transform algorithm (FFT , its appli- appropriate is rtraightforard.

cation to the estimation of power spectra was dis- 2. PRELIMItVARIS

cussed by Bingham, Godfrey, and Tukey [21 and by

Welch 1181. They st:geijted a method besed on com- We first outline some basic notation and re-

plex demodulation and pointed out the conputational sults which are assumed. Here we follow Stein an.d

speed advantages ich can be obtained by using Weiss (161. 1. denotes the Ranach space of

the FFT for computing Fourier periodograms. Welch Lebsgue measurable functions which are (Lebesgue)

proposed a direct method which has become the Integrable over the real line U . For fWi2 , the

standard numerical appiopch to the probl(,n of Fourier transform of f is the function defined

power spectral estimation. This procedure has by

Ckt three parts: subdividing thc available data, using f(f) =-2 r-t o dL

a data window to eopute a n-moothed spe tr l eqti- for all E P where i = ,'-1 . The notation

mate for each segment, anJ averaging these sinoothd (...)A denotes the Fourier transfona of (...).

spectrrl estimates. The present paper proposeu For f,g h2 , the convolution h fg is dtfued

a clas . of daa windows .'rved from the b-spline as the functio h 'CL
1  given by

basis fuiictions of Schoenberg (14J. Em piric(:I y,

'This work was rupp prt y Ohc Natltoal Science Foundtion undor CK-36375 and by
t ... ( (f ' f '. v, ,i R svoare% . U t

2 
Depprtment of Matlmcnauc.ul Science.-Ltice University, 1Houston, Texas 77001

This documnent has been aPPrOve ~ CfrPlc release and sale; its / .-

"- ' m~d stri ution is unlim ited. 'A- J . L .l
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h( ) (T-tg~t~t FF iq ist!,! t

ih. . () ff=at) Whenev r f, g it Te d teulo o eitherer oftos rdii

is clear thaIt tin sta ein fact estimate smoothed values

(~f*6 *g)(-)=1".1f0~ of P(f). Mere seicalIf we lot (f

and = -rcpresent the estimate computed by either the In-
a ( direct or the direct approach, we have

We shall consider a s3rnple function x(t) IgI.( j Qf)r~
en a finite interval, - 1<t < 1 unless \[f) Qf)P)

etherwise stated, of a stochastic process where the average may be taken either ever the

(Xt)-~ tc~.We assume this underlying ensemble er along time [31. Q(f) is called the

st ochastic process to be wide-sense stationary spectral window corresponding to thle win~ew utsedI(DeobIi) and ergedic. For simplicity we take In the computation.
the mean value to he zero. Let X(t) have the The direct and indirect approac~les to esti-

spectral denliity function P(f). The terminology mating tho po,,er ipectru;i of a st-ochastic process

to lated to spectral arals~ u7ed in this; paper is are neo d call dl (fereit. .2 a ita and
n eral I Vt )a t of IBlac' na1n a nd T ke y -131 Tukev [31 oav leie!i,.c>:e n te4

It ii apnaront thaIt high resoliiti en an' dta window, NJt) qi-n, i t, "1117i .1Ps ent" 1,11 -in-

itab-ility (-;mill hias ind variance) are dtes-ired dow L(). 'Ii:, relatinsIli p turlis out to 1)" Zle

qtalitics ocf power :spectral vlstimateis. ficwever, correlation i:,tog ralI

ai coinpromsi so 1"iwo en the- two mont he made. In I,-) IVOWI*~

ord,-r to 1j)tnin a ,;table spoctral estimate uising

thie class;icas indi rect mnethod, an appropriate ~ 1 ~~~; et ema ht~2apor ie15
funcionof ag ius mci i th saplesutco-of the respective "q ival -lit" windows, viells
flintionof ag ristmo,!fy he smpl autco-power spectra! ostimlates which are .quiaI in x5-

van rice Funct ion. Fiiniizimoeital1ly the itedl roct
metod ,'tiratn Pf) iapo'ctatiof. >.uti that if the !ata winldow. is an1

vvn iiiicti'a of time, the n tlin ,q,6,.,aent n-2rIlfT
II (f) _T (II( ~ T window ii pr. 'urtional to the, convoluitiurn uf he

wh--re 1.( ) is thle finitely supported lag window data wi idpw with itself.

a n'I U ( the s;a np l. aitocoV ri aliCe C(net ion At ti si Ioui ni t it s hoil t- ', c le r t!;. t it) the

C(-r l~b'~ ndireCt Method, the spent ra I -.irclew Q( f) co t-
f ~(-l-b/2 ) 2r('-;p)lil14 to the 1q.; windohw i(-) is siu illioh

tfqld I v the support of L.( r) is inchi less than Foii nor trt--form oft U.( t',r the jivtect mothod

the eniti re interval -T < r-. -r .it thenl follow that tile spoctra! wi'ldow Q(t)

file at e;;.,ets for siglag W IndOWR (e1. , orrespond intc to the data 4ii 'ow 'W(ti i ;.

see ,henkii aid Uatts jI( 10 -cn he ad ipted to b, QMf =i 11(017 whevrev IM is definied to
show ttla -L p: ocrdune "itic i utilize:, the( FFT in le0 the Fveri 'r transform Ml WN). T(flIis

v!l i sate pouwe r spectra direct lv shoiti, ii itrporsitv calloll thn fr'ql'encv',liido -eC're-;pot-div toli

a 'Jil Wi n'l'W. Mhat L;, for a1 di rect pricedhure W( r) . We ~i,5 itt refer the t.ale r to iilache--an i,l~

to have A proper ba lance between rese liii.ion and
luikey 131 .

stOhl Ii ty, the data tself must be mohi ficil by a

tii tab lt fict ion of time. thiuq, has ical ly thle
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Si1V 1 ~ tcla% : !.o th0t th,- r,-,ific.! Silmpl,' I rkt, '3. SI'tltI;! UAr. :' di:N'l1s. 0 h t 0',.,iiI ,1 si'ql ri~th

.1 :'~it IVArIii smoothl, t,, :,or, tit it-: ids.

Iflc j,.Ilt} of, titt r4tIo Zti ,- I on- :-;,t iv V '" t wt;ta i.Ir lihigtf th( rather si!l b,:.lt ie,.hi'i gjh t~~ r'.: i~ ' 'i

Iiets.'m. i a date wil .low arnd its cqtt+'. l t ?a, win- OIL j1 ili-li'' o Iis , la

(low, o o shonl, lzot i 'orv the -% inA vV hip, " order 1-spl '.o Ipsi. f:.i , .'. A t

thich las ho ,is pit into tile crm struccioot (IF Is n, la.ito'.i ai .,. I' i i rt, wt-i ,.' c.h ,,

tl.(. d(sired Co~lt '.0ti t ,' C ., ;S . S, CC 1,-! IV, th. Vo;'"l .
windoa.iq hv fluiero'5 auithors vio7 t .e prop rct-ic 

,  
of t ir C,''"c .

those windoWs. See for ta 'le the cu'r : . prri:1:' sp..'t ri! v, ' , lVow ,,' t . -S--

piv(-: by Jenkins f91 or- by la rzen 112, 13). so that the iariituode of the sido 1,!,.', rali dl

For instance, recall tli: continuits cls s to decrtsisies relative to the IDiii' 1' I'; 014- t .O!tin-

whiith thest, furictions belotg. It) partic,ilr w, uitv (or ordier k increases. It t,.liitioi, all

observe that one of the lag wi :dows wichO has been spectral wiiidows art! of tncs-n.stiv, type (lar:'i,

propused by Parzen f13] is proportional to ;2 di- [ 13] ) . l'ii rd ly d 1iot [71 has 0,.riv(.d P i-tin i

lated, fourth order B-spline basis fiuiction. One alori thrs which call be used for" ticcuretelv cvnau-

of the two data windows su.le:sted by Welch tl8 ating any order B-splinp l.asi; fr:)ction with nov

has the.shape of a second ord.-r B-splinLi Insis itnt -rva.l,ef soipport. and a[. any ii.' l',.-t0 h

functin; lie recogvnized that its proposed :in!tw 3.2 'Ei1 L'Ni,',>I:; C'. SlIl 1': l'NCi1ON*s

yields the Parzen spectral window. lienceforth 1ehoirer ; 1141 introdoce.1 tl.e .pline 1irs-

wt- will refei to this windto' which is given by tiois in 1940 with tie fols-wil, r'OfiritiO-'. "it
5

t k a~i pos i tives itcgr, a reali fict ion v (t ) t'.-W(t)V 2 firedI fol" .,1,11 t I' is - CBaIled P. Sp Ii Pe fli:.C L I,

0 otherwise of order k or degree k-I it it has tht folh..--

as the Parzen data window, even though it is also ing; propertits:

a member of the family of spline windows proposed (1) .1(t) is of class C
t-(r)

in this paper. Today, Welch's procedure (do- (Ii) .4(t) is composed of polynomial ares of

scribed in tire introduction) incorporating the degree at most k-I

Parzen window in urndoubtedly the most widely used (i11) The polynomial arcs are joined nowhere other

iethod of ditect power spectral estirsatioit. than possihly at integers n if k is even

Bingliam et al 121 proposed the following data or at points ni+ if k is odd. 1Tue

window which is continuous through the first de- spline Is said to have knots at these points.

rivative: If we define

t FIt I <_ .4'r k-I , y>_0

wit) = -coas (T-2ItI) , o4Tei_ wil ir.eTception

1-I

With exception of tire special case 0, * arid0et o r r.pr t t kth d
We have nornalized this window properly although let 6 k represent the k order central diltc:-

this was not done in 121. ence operator with unity step, i.e., 6'f(y)

Front another point of view, we note that f(y) and b1 f(y) - 6'-' f(y+;) - 6k- f(y-1,)

under the Fourier transfoim oprator the effect for k = 1,2,..., then the function

of an occurrence at one point in time tends to be

spread over all frPritoni.iet, Furthermore, time HW(t) (k.II).

funet i nis witih corirtrrn have Fourler trt~s Ir' is easily ihOewn to he a s imple c'rpl I o a splite
that have a "ringing" effect. Thus it seems de- function of order k. t() Is called the funda-

airable to have a data window of a high continuity
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mental B-spline basis fuctioen of order k .le wher,- we ni ,s t- tild,, to indicnte an un-norm.il-

list a few of the rany imrport ant properties of izcd window. ihe l .'.,.ct.1 ion i 'It this c'Ilation is

M,(t) and refer the reader to Schoenlber; 151 ":

Curry and Schoenherg 61 , and to deBoor [ 7 for 12

, ~tllcio zrd vi-l:er propertieq. ) (t ) is pm tie",

in the open i:terval (- , ) and. Identically -,
k

ero elsewhere; it has knots at - k+ v where v Changing the '. ariable, of integration w, obtain

is anl integer satisfying 0 < v < k. M,(t) i s C,= k1 : t
an even function, and its integral over R is -"/2

unity. Mu(t) also has the representation An application of Parsevals theorem yields
1 " (-_I)k k _ +' k

M,(t) (k-1): y + .- + • 2 ,rk/ j- "!L ' du.

For example, the fourth order function is givon Therefore, we can calculate the appropriate nor-

by realizing factor for any order spline data window:
(2 t 1 " t I < I

,()C,2 1< [2t<2 Ct = [2 for k-2.t- i!(2k-i-l)'

,otbocwi de. Notri::Iiz ing for iav.'ri ince of total pn.'ar is

Ile shall reqnire two intc.ra l propartied: equiv'i.nt to the rqzlire;nvnt

I' t9 Q(f~d" - 1f

and (:.I M )(1) %1p4 (,") . -"'-";-4")to --

3.3 Ni PPVPOSI:D CLA.,S OF ,lArA WIDOWS 1( c (t) TM (!-
3. 3.1 litroduction. £:tdj+cutY Ir

The clas; ol splinc data w'ndo's we prnpose W n1,1,w C - '"--

cons[sts of t' flindamentat splini fultetiolls each .1 (f)

dilated so thit its support is equal to tl,,2 length Cj' / io(-fT'/k) 
k

of the sa'nl-' f0tct ion and no-'a ited so that tile " k ...../]

toLa[ power o' he lidata rem.*llio3 i Vari t wlien th' e

Ipline data %,indows are ap Iiid. If we leitC Eop iv.lnt r Iv o, nrX k/

,eoprescat the normalization f~ictor, then we can T. i 'dow - "I., (,-)
,,jo tho resilt:; ,I .t' pr,,vi,i sections to o,- c

tain the tol ow;O tablt of h., spine data 1in-

(!ow; and i th1,: corrspondilng rr-pqinlV wintlow';

ing windo,;, ;in.! spectral ..,touws. W Iew

Since tile total power 4 is given Iv Q (I)

(I °' ic (t)dt T, Varxj ,
1' \ ", /k )g

'wv %e,'k cOiiqt:lit% C, dep'.n iipof tlio oih'r

k of the splio.' data windhw 'tch that alrio CAil . I.
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3.3.2 Resolut ion and St ibility Cov~idryations

'III convery,,nc u prop. it i.-! of tht- sil ile

.nndow~s nre' rathier sivtplv. Clearly for .T', k

.1k 1,it- Q 1 ( f) -n I 9 (s , I .- -Ii

allrc Qin di )o f Iuu is cvrgn to I i! x

1 a.tlt, extevt of thc ;uij'lv fkinCli .(~t fr .t . -ii

Dirac del ta fictioi (distriitia), ~nv tr-U

stant futiction identically qurdl to unitY.

Figuro I1. ilitst rttv. ;: of tie -,p
1 

iln Figutrv 2.. SpectIi*. Windot

d -dta 4 vnduie; ;the .rep:ln spvct r21 i ndowc Q
.-?rr shown in Fi,;iire 2. In) Figuire 3 the spCet ralQ

vi' hve cnplot ted on I loganrthruic tialc Q,
inl an attipt, to r'jlrkacntt the cxtru.t vuiffer-- Q,

(iC.. Ott clvni I y. I Z -- - -~ - -

2.0 U

8 4 8 2

Figure 1. lbnt a Windows

WI Figure 3. Spectral Windows an in Fig. 2.

W,

W4

69



m,,)ti il III, for its o~plicatt in to tn ltl
We point out that W, is' simply .1 trullca- lgwnos vni beI !e'ir t e

tie:' fu'lttion, l.1 is tile lag w itxdoW sligges ted

hV artlott (ij * and Q, is the correspionwitn ilie i. i:i n ni.vti; o h'drc
method of comtputat ion which we advocate. For

uart lett sp-ctral windkow. W2, . znd Q, are th(i-iof spi me wtntdjs we, haVe
res.pect ivey I) he e';rZeln data, jigl, anld 1p c t i-a

w itIJOW ow

For Elie problem of balancing Ole resoliion

and stabilIity of power -pect rat wst itnates , 'N- 1 , . . I

pl icit ep.iosfor the hja~i aid varn nce of

,.:ioothed e-stimators have been~ d-vo loped inl the I(ik (

I i Lcr,- tr 0. Jenkins and Wtts [101 and others k' ~ --- )

give theie e *xprcs-;Ions for thie i xii ec t c. tmtImittIg 'fho- B, (Q, ) s cns ii: d eter:li1a,! by inverting

n.I iod . WelIch [17 ,18 1 de r ives tel, expectI.ed vale Ill By ug least -sqtares tecinilltic-: for

1Ad variance of the discrtete , dl ro t ly coi:ipttd k 3, .,34, we Obtain the ;tpptuximast ion

e'st imates for a stochastic procegs which is B10 Q) (j, 6M(k)'- - 0.'32)/' .

G,ms55;ian, ia addition to ouir pr.,vious astsomptions Parzen (H31 defines; ?i''nwidtli 1s (1he Widthl of a

ahtoxt the process. Ei each case some Property of rectanglo which has, thw saine airea aund -zan :.ixi-
I-:. window being i,s,d is-s txp!icit Iv involved. xahi. t-;he':.m ;' r n-d: Ir-

1: pract it inner, liowever, otid; acme device toni'f

tll the elc ion of a wmn-t~ow (hat wil It ied R.

Ict'eprtimise :;uitahie for his Tep-;s wln rnoat CI Qf f)

vt-n r-eaere f 1,ind1OWS i ii i'd b)IadWidth (by tad0 for they, spi;%.-Jnln' .'hv

1. Ifog , wi th filiter prhleas I. "!4 k2

Seve.'il dei ini tions art! s- tor h;,ndwidt-h .

il.ckniaxt ;d rk''13) use iw;Iti the. term ;\r0te ,:'-n~V 0t- 1esr, -b''nti Is I,

,-tlivatlnt width, which they dofijoe to be thle J i s talne ;- oi tho II f -1) 1, - ii it I the

rait io of tio- oqitiro of L110 init rtl of tho spec- spectral .Iiiw. 1 ., for an -itt ci 11 w;i -ill

rrAi windlow to the* int-'gr- di of it'; ;qtitar-. If dtw en?.' ,r. itQ 'I-~ f ki L'

w.define le010 m-p; I;n-l i Q:1 I :1.tt

1 , )~( I t , r o,- :,,t I! -~ncI e t f e ions,

iii, (I tile eqtfiitlosif wfdth is ;i,-ii by ' l in t khlnd. Llwa

.11"I- an Watt-i 1101 Aol in'' *y'Idtitr to ho I
tin.' width of tlhe rtcttngtil I* (.sxeni ril) withywlpci rt oC., lt. .'-

fo r which tlli viniant. ot till iAirectlv twtr Ital -h, it r, t .i- i

,eLrl-t imattt I,; the maile .t.; it iq isi,

iveti window. Uli-; (11leiti Iof it hittdti: th ,h ~ lt x.- , ~

Ai hiq hI,' t nott.I, br a proi--I ly notii~l, hiltlit d ~h t~ tl-o wi i.- ik i rt .- , 't I -I thf,

i tthtq flt )A t I; thtere fit-, ' 11, We virnt is tts !- lir ionahlI, tilw handt.-
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It it car also be aigiu I that Hie b:,iitl 1 dth N :egment:; -.:tch of length T'1 aid with a di -

! : , 0i . ,L - , Zt it'1';t ,s S! III IS ti,. 1,1.c In 1 1 ) t-'.n the fnitifl jAints of ',. -

, , thc1.l uw ;t i ip l'rt.:It (-'L,;) in: tlt S~iV , 'f'. . li t the st I,,.*i lit tiy Y., t).

,,' ... Thiu' N - 1) I T S Ind

"ijile 2 is a covpilation J:- thec vii i,,; c,: -t -- L.

t s ,-S so K 'tu d J w i t htle S it ille wi ii o'w s %k g i i W elt h us s t1v ch i Ce,, of Ii o I . -; :i r

w;i 1 with order Ip t I' ti ' I the ijty of Ill- I.I I ti I I -

P 'tcd 1p0oW r lel . n th. cn, of splii-' Wir-

or,!er Cot: , 7'a L, i dtL. I do.:I oli addi t ion .. oInsideratic:1; -hald 1,e IrI,,.

c !, , ,- ,. 1f )- T, sowi of tht. data is weis.h1toId substinl-

. i , I he;vier than the r,.miirdi . As cal beh 1.,0.iU 1.'0t'i, I 'L. 1K!: ,I -'KY

s 1 3 fV127'1 Fij'ie I , the intqui t v i; ore,,"c pro-2 1.3 ",'30 1.As,',3 1,3331 ;.27j',

2. ,7 ., ncea as the ordcr of tie spi i.- wi nlow in-

crrcan,'s i n the sens.s, t hat tile p] ic dat a win-

3 3 .
4  3.0203 2 . 15.)1 "1 0 4 -do's become plri' t sively more pe'kedo. Si noe

3 .3 9 1 3 :.31 2. A3 olin iiori!Oly ass - .-t thi all portionas of li!,

dtt a aie e uil 1l l ilrge'3ent at i.e of tht "tocha;st i c
7 I.37-70 3. 5974 7.76 2.h 6,S

S 4 . V F .3.8 2 .1 7 7 . "8 ,3 proct, s it ii t ive I thi-. ordt r of the. splini
window should also influence I). In pratt ice a9 5.2,>:3 4.0930 2 .(071 .'. 7/3 ' "

hIt 5.710' 4,3:'O:- 3.0669 . It~h f'o,3l rule of thu.,! for r.'-1it tvc I Y short sa-;)lc

fm:'tioils st , et -, t, l" 1 1 f or k-t", ;i. : "]
11 6.1312 11, 5 3.?15s 1 . i 1 1

fi k m 10, and I) F for V - 20 with th,.1? 6.5,2/ !
4
.j423 3.Ae,3, f,.lt)iJ

ot Inp for other oider winliw:" ., d en o l.n
13 6.9"S , ).936 3. ',030 3.1011

Next compute the smoothed spectral est imates
14 7.3' 13 5.1292 3.6367 3.4264 1 I-

'
f

1 7.7298 5.3121 3.7657 3 .Y73 Pd(f) _ t)w (t)
e  i  d t  

j . N.

If 8.1118 5.4890 3.890 3. 6l
Finally, the estioated power spectrum is given by

17 8.480 5.6601 4.0113 3.7774 1 1 )

18 8.9587 5.8265 4.1286 3.8873 P(f) = N

19 q.2243 S,9882 4.2.V,27 3.91,3 Regardless of the order of spline window

20 9.55 1 6.14'( 4.3538 1,.0)8! used, P*(f) is obviously a conristent estima-

1 9.,51, 6.2(90 4.4,621 '..
2 0 0 0  

tor of P(f) (at leant) whenever the stocha-t ic

process is lassiai. l0 see Lhis, the expres,
-

TABIL. 2 . ions for E II's (If'I and Var[l'.(f)] as given Ibv

3.4Welch 17,18 need oly be compaitd with the

Et cpt for the choice of data windows, the convergence properties of the sp)ine windows as

ineth,,d we propct.;,c for comuputing powcer .spe( t ra LS ixks c t! h ,;11p r ''la *.: x-,v

thatof elch(18. Deartng fom ur clivll- have the following type convergence for a sta-that of Welch (181, fDeparting from our Coilverr-

tion, we asqimire that we now have a sample 4,,c- tionary Gausstan process: if T
-  

such that

tion x(t) ov,r the interval 0.: t .S. tsinIg h

for example a bandwidth criterion, chiose the In implementing this procedure on a digital

order I of the spline window to Ne used and computter, one could derive a closed form for the

t0-'n tha. l.fi '" . eitrth 3. €n
1

''fiv !i y(t c i i-'n t line b,-;t; fu:nctions like t t:,t v,,: pro -
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Vicolt.:y for M, (L). However, for a geoncral p~o '0rov iriarc, fiirct ion.

irinim inilen that Would iiadtibtedly hr. imrir-(iI32- 'df.Ik'diaA

caly picrferable, the algorithmn of iiefllor (7] is W wn Ito 'w i o lwtuft1'
ro .. moldfor ov:aiti in tho splinr furnctions. fi~n-* ion 'f Irr:th -1,
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